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a b s t r a c t
Two cycles are said to be adjacent if they share a common edge. Let G be a planar graph
without triangles adjacent 4-cycles. We prove that χ ′′l (G) ≤ ∆(G) + 2 if ∆(G) ≥ 6, and
χ ′l (G) = ∆(G) and χ ′′l (G) = ∆(G)+ 1 if∆(G) ≥ 8, where χ ′l (G) and χ ′′l (G) denote the list
edge chromatic number and list total chromatic number of G, respectively.
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1. Introduction
Let G be a simple, finite and undirected graph. A totalk-coloring of a graph G = (V , E) is a coloring of V ∪ E using at
most k colors such that all adjacent or incident elements receive distinct colors. The total chromatic number of G, denoted
by χ ′′(G), is the smallest integer k such that G has a total k-coloring. A total assignment of G is a mapping L that assigns to
each element x ∈ V ∪ E a list L(x) of colors. Given a total assignment L of G, an L-total coloring of G is a proper total coloring
such that each element receives a color from its own list. A graph G is k-total-choosable if G has a proper L-total-coloring for
every preassigned total assignment Lwith |L(x)| ≥ k for every x ∈ V ∪ E. The list total chromatic number or total choosability
of G, denoted χ ′′l (G), is the smallest integer k such that G is k-total-choosable. The edge chromatic number χ ′(G) and the
list edge chromatic number (or edge choosability) χ ′l (G) are defined similarly in terms of coloring only edges. It is clear that
χ ′′l (G) ≥ χ ′′(G) ≥ ∆(G)+ 1 and χ ′l (G) ≥ χ ′(G) ≥ ∆(G).
There are two conjectures on these topics drawing a lot of attention, and many interesting results have been reached
in the recent years especially on planar graphs (see [6–8,11,12,15,16]). Vizing, Gupta, Albertson and Collins, and Bollobás
and Harris independently, conjectured that χ ′l (G) = χ ′(G) (this is well known as the List Coloring Conjecture; see [1]
or [9]). Borodin et al. [3], and Juvan et al. [10] independently posed the conjecture which is referred to as the Total List
Coloring Conjecture (or simply TLCC) that says χ ′′l (G) = χ ′′(G). These conjectures are far away from being solved completely.
Even on planar graphs, there are several cases on which both of them have not been confirmed. Borodin et al. [3] proved
χ ′l (G) = χ ′(G) = ∆(G) and χ ′′l (G) = χ ′′(G) = ∆(G) + 1 for graphs with ∆ ≥ 12 which can be embedded in a surface of
nonnegative characteristics. Wang and Lih [14] confirmed TLCC for outerplanar graphs. In [14], Wang and Lih proved that a
planar graph without triangles sharing a common vertex is edge-(∆(G) + 1)-choosable where ∆(G) ≠ 5. In [6], Cranston
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proved that, for G being a planar graph without triangles sharing a common edge, χ ′′l (G) ≤ ∆(G) + 2 if ∆(G) ≥ 7, and
χ ′′l (G) = ∆(G) + 1 if ∆(G) ≥ 9. Liu et al. [12] proved that χ ′l (G) = ∆(G) and χ ′′l (G) = ∆(G) + 1 if ∆(G) ≥ 8 for a planar
graph Gwithout 4-cycles sharing a common vertex. Let G be a planar graph having no 5-cycles with a chord. Chen et al. [5]
proved that χ ′l (G) ≤ ∆(G) + 1 if either ∆ ≥ 6, or ∆ ≥ 5 and G contains no 4-cycles with a chord or no 6-cycles with a
chord.
In this paper, we consider planar graphs without triangle sharing an edge with a 4-cycle and obtain the following results.
Theorem 1.1. Suppose that G is a planar graphwith no triangle sharing an edge with a 4-cycle. If ∆(G) ≥ 8, thenχ ′l (G) = ∆(G)
and χ ′′l (G) = ∆(G)+ 1.
Theorem 1.2. Suppose that G is a planar graph with no triangle sharing an edge with a 4-cycle. If ∆(G) ≥ 6, then χ ′′l (G) ≤
∆(G)+ 2.
2. Proofs
Let G be a graph. We follow [2] for terminology and notation not defined here, use V (G), E(G),∆(G) and δ(G) (or simply
V , E, ∆ and δ) to denote the vertex set, the edge set, the maximum degree and the minimum degree of G, respectively. For
a vertex v ∈ V , let N(v) denote the set of vertices adjacent to v, and let d(v) = |N(v)| denote the degree of v. A k-, k+- or
k−-vertex is a vertex of degree k, at least k or at most k, respectively. A k-cycle is a cycle of length k, and a 3-cycle is usually
referred to as a triangle.
Let G be a planar graph. For convenience, we still use G to denote one of its plane embedding. Let G = (V , E, F) be a
plane graph, where F is the face set of G. For a face f ∈ F , the degree of f , denoted by d(f ), is the length of the closed
walk bounding f (where each cut-edge is counted twice). A k-, k+- or k−-face is a face of degree k, at least k or at most
k, respectively. Let v1, v2, . . . , vk be the vertices incident with a k-face f such that d(v1) ≥ d(v2) ≥ · · · ≥ d(vk). We
define D(f ) = (d(v1), d(v2), . . . , d(vk)), δ(f ) = d(vk) (the minimum degree of vertices incident with f ), and call f as a
(d(v1), d(v2), . . . , d(vk))-face. For a vertex v of G, we use fk(v) (resp. fk+(v), fk−(v)) to denote the number of k-faces (resp.
k+-faces, k−-faces) incident with v, and let nk(v) (resp. nk+(v)) denote the number of k-vertices (resp. k+-vertices) adjacent
to v.
The proofs of our results are the usual combination of local coloring extension and the discharging method. In each case,
we begin from an initial charge defined on V ∪ F , and then design some rules to redistribute the charges between elements
which do not change the total sum. The proofs are completed by showing that the resulting new charges always have a
positive sum which lead to a contradiction to Euler’s formula.
The following are two lemmas used in our proofs. Let k be a positive integer, and let G be a graph that is not k-totally
choosable. If each of its proper subgraphs are k-totally choosable, thenG is calledminimally non-k-totally choosable. Similarly,
one can defineminimally non-k-edge choosable graphs.
Lemma 2.1 (Chang et al. [4]). The following hold for any minimally non-k-totally choosable graph G with maximum degree
∆ ≤ k− 1.
(a) G is connected.
(b) If e = uv is an edge in G with d(u) ≤ k−12 , then d(u) + d(v) ≥ k + 1. In particular, δ(G) ≥ k + 1 − ∆ and so G has
no 1-vertex.
(c) G has no even cycle v1v2 · · · v2tv1 with d(vi) ≤ min{ k−12 , k+ 1−∆} for each odd i.
In the same spirit as Lemma 2.1, we have the following lemma on minimally non-k-edge choosable graphs. For
completeness, we present its proof here.
Lemma 2.2 (Li and Xu, [13]). The following hold for any minimally non-k-edge choosable graph G with maximum degree∆ ≤ k.
(a) G is connected.
(b) If uv is an edge of G, then d(u)+ d(v) ≥ k+ 2.
(c) G has no even cycle v1v2 · · · v2tv1 with d(vi) ≤ k+ 2−∆ for each odd i.
Proof. Clearly, (a) is true for the choice of G. We prove (b) and (c). Let G be a minimally non-k-edge choosable graph, and
let L be an edge-list-assignment of G such that |L(e)| ≥ k for each e ∈ E but G is not L-edge colorable.
(b) Suppose to the contrary that uv is an edge with d(u) + d(v) ≤ k + 1. Let G′ = G − uv. By the minimality of G, G′
admits an L-edge coloring φ. Since the neighbors of uv use at most k− 1 colors with respect to φ, φ can be extended to G, a
contradiction.
(c) Suppose to the contrary that G contains an even cycle C =: v1v2 · · · v2tv1 with d(vi) ≤ k+ 2− ∆ for each odd i. By the
minimality of G, G − E(C) has an L-edge coloring. Then each edge in C has at least k − (∆ − 2) − (k + 2 − ∆ − 2) = 2
permissible colors. Since any even cycle is 2-choosable, we can color the edges of C , hence G has an L-edge coloring, a
contradiction again. 
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Lemma 2.3 (WangandWu [16]). Let G be aminimally non-∆-edge choosable graph or aminimally non-(∆+1)-totally choosable
graph. For any integer 2 ≤ k ≤ ⌊∆2 ⌋, let Xk = {x ∈ V (G) | d(x) ≤ k} and Yk = ∪x∈Xk N(x). If Xk ≠ ∅, then there exists a
bipartite subgraph Mk of G with partite sets Xk and Yk such that dMk(x) = 1 for each x ∈ Xk and dMk(y) ≤ k− 1 for each y ∈ Yk.
The following observations follows directly from the fact that there is no 3-cycles adjacent 4-cycles.
Observation 1. Every k-vertex is incident with at most ⌊ k2⌋ 3-faces.
Observation 2. If a face f shares a 2-vertex with a (∆,∆, 2)-face, then d(f ) ≥ 6.
2.1. Proof of Theorem 1.1
Suppose the theorem is false. Let G = (V , E, F) be a minimal counterexample. If G is not edge-∆-choosable, we suppose
that L is an edge assignment of G with |L(e)| = ∆ for every edge e ∈ E such that G is not edge-L-colorable. If G is not total-
(∆+ 1)-choosable, we suppose that L is a total assignment of Gwith |L(x)| = ∆+ 1 for every x ∈ V ∪ E such that G is not
total-L-colorable.
From Lemmas 2.1(b) and 2.2(b), we claim that δ(G) ≥ 2 and every 2-vertex is adjacent to two∆-vertices.
The following notations are used in both [4,12]. Let G2 be the subgraph induced by the edges incident with the 2-vertices
of G. It follows from Lemma 2.3 that G2 contains a matching M that saturates all 2-vertices. If uv ∈ M and d(u) = 2, then
v is called the 2-master of u and u is called the dependent of v. It is easy to see that each 2-vertex has a 2-master and each
vertex of maximum degree can be the 2-master of at most one 2-vertex.
Let X be the set of vertices of degree at most 3 and Y = x∈X N(x). By Lemma 2.3, G contains a bipartite subgraph
M = (X, Y ) such that dM(x) = 1 and dM(y) = 2 for all x ∈ X and y ∈ Y . We call y the 3-master of x if xy ∈ M and x ∈ X .
Therefore, each vertex of degree at most 3 has a 3-master, and each vertex of degree at least ∆ − 1 can be the 3-master of
at most two vertices. Now, we consider two cases depending upon the maximum degree∆ of G.
Case 1.∆ = 8.
The initial charge is defined as ω(v) = 2d(v) − 6 for each vertex v, and ω(f ) = d(f ) − 6 for each face f . By Euler’s
formula, the total charge of the vertices and faces of G is equal to−
v∈V
(2d(v)− 6)+
−
f∈F
(d(f )− 6) = −12.
Then, we apply the following rules to redistribute the weight that leads to a new charge ω′(x).
(R1) Each 2-vertex receives charge 1 from its 2-master.
(R2) Each k-vertex (2 ≤ k ≤ 3) receives charge 1 from each of its 3-masters.
(R3) From each 3-vertex v to its incident k-face f , transfers
(R3.1) 1, if k = 3;
(R3.2) 14 , if k = 4.
(R4) From each 4-vertex v to its incident k-face f , transfers
(R4.1) 34 , if k = 3;
(R4.2) 12 , if k = 4;
(R4.3) 14 , if k = 5.
(R5) From each 5-vertex v to each of its incident k-face f , transfers
(R5.1) 1, if k = 3;
(R5.2) 12 , if 4 ≤ k ≤ 5.
(R6) From each 6-vertex v to each of its incident k-face f , transfers
(R6.1) 98 , if k = 3;
(R6.2) 12 , if 4 ≤ k ≤ 5.
(R7) From each 7-vertex v to each of its incident k-face f , transfers
(R7.1) 98 , if k = 3;
(R7.2) 34 , if k = 4;
(R7.3) 12 , if k = 5.
(R8) From each 8-vertex v to each of its incident k-face f , transfers
(R8.1) 32 , if k = 3 and δ(f ) = 2;
(R8.2) 98 , if k = 3 and δ(f ) ≥ 3;
(R8.3) 78 , if k = 4;
(R8.4) 13 , if k = 5.
Let f ∈ F be a k-face of G. Clearly, ω′(f ) ≥ 0 if k ≥ 6. By Lemma 2.1(b), each 2-vertex is adjacent to two 8-vertices, each
3-vertex is adjacent to three 7+-vertices and each 4-vertex is adjacent to four 6+-vertices.
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Suppose that k = 5. Then ω(f ) = −1. Note that each 5-face is incident with at most two 4−-vertices. If δ(f ) ≤ 3
and D(f ) = (7+, 7+, 7+, 3−, 3−), since each 8-vertex sends 13 to f by (R8.4) and each 7-vertex sends 12 to f by (R7.3),
then ω′(f ) ≥ ω(f ) + 3 × 13 ≥ 0. If δ(f ) ≤ 3 and D(f ) = (7+, 7+, 5+, 4+, 3−), since each 4+-vertex sends at least 14
to f by (R4.3), (R5.2), (R6.2), (R7.3) and (R8.4), we have ω′(f ) ≥ ω(f ) + 4 × 14 ≥ 0. Otherwise, δ(f ) ≥ 4, we see that
ω′(f ) ≥ ω(f )+ 5× 14 = 14 > 0.
Suppose that k = 4. Then ω(f ) = −2. If δ(f ) = 2, then D(f ) = (8, 8, 3+, 2), each 8-vertex sends 78 to f by (R8.3), and
each 3+-vertex gives at least 14 to f by (R3.2), so we have ω
′(f ) ≥ ω(f ) + 2 × 78 + 14 ≥ 0. If δ(f ) = 3, then there are two
7+-vertices, thus ω′(f ) ≥ ω(f )+ 2× 34 + 2× 14 ≥ 0 by (R3.2) and (R7.2). If δ(f ) ≥ 4, since each 4+-vertices sends at least
1
2 to f , ω
′(f ) ≥ ω(f )+ 4× 12 ≥ 0.
Suppose that k = 3. Then ω(f ) = −3. If δ(f ) = 2, then D(f ) = (8, 8, 2), and ω′(f ) ≥ ω(f ) + 2 × 32 ≥ 0 by (R8.1).
If δ(f ) = 3, then D(f ) = (7+, 7+, 3), and ω′(f ) ≥ ω(f ) + 2 × 98 + 1 ≥ 14 by (R3.1), (R7.1) and (R8.2). If δ(f ) = 4,
then D(f ) = (6+, 6+, 4), and ω′(f ) ≥ ω(f ) + 2 × 98 + 34 ≥ 0 by (R6.1), (R7.1) and (R8.2). Otherwise, δ(f ) ≥ 5. Then
D(f ) = (5+, 5+, 5+), and thus ω′(f ) ≥ ω(f )+ 3× 1 ≥ 0 since each 5+-vertex sends at least 1 to f .
Now, we compute the new charge ω′ for vertices. Let v be a k-vertex of G. If k = 2, then ω(v) = −2 and v receives 1
from its 2-master and receives 1 from its 3-master by (R1) and (R2) (the 2-master and 3-master of vmay be a single vertex).
So ω′(v) ≥ ω(v)+ 1+ 1 = 0.
If k = 3, note that f3(v) ≤ 1 and v receives 1 from its 3-master by (R2), thenω′(v) ≥ ω(v)+1−f3(v)−(3−3f3(v))× 14 ≥ 0
by (R3).
If k = 4, then ω(v) = 2 and f3(v) ≤ 2 by Observation 1. If f3(v) = 2, then f5+(v) = 2, and thus ω′(v) ≥ ω(v)− 2× 34 −
2× 14 ≥ 0 by (R4.2) and (R4.3). If f3(v) = 1, then 2 ≤ f5+(v) ≤ 3 and f4(v) ≤ 1, so ω′(v) ≥ ω(v)− 34 − 2× 14 − 12 ≥ 14 > 0
by (R4). Otherwise, f3(v) = 0, and hence ω′(v) ≥ ω(v)− 4× 12 ≥ 0.
If k = 5, then ω(v) = 4 and f3(v) ≤ 2, then ω′(v) ≥ ω(v)− f3(v)− (5− f3(v))× 12 ≥ 12 > 0.
If k = 6, then ω(v) = 6 and f3(v) ≤ ⌊ k2⌋ = 3, and ω′(v) ≥ ω(v)− f3(v)× 98 − (6− f3(v))× 12 ≥ 198 > 0 by (R6).
If k = 7, then ω(v) = 8 and f3(v) ≤ 3. Since each 2-vertex is only adjacent to 8-vertices, v can be 3-masters of at most
two 3-vertices. If f3(v) = 3, then f4(v) ≤ 1, and hence ω′(v) ≥ ω(v) − 2 × 1 − 3 × 98 − 3 × 12 − 34 = 38 > 0 by (R7).
Otherwise, f2(v) ≤ 2, ω′(v) ≥ ω(v)− 2× 1− f3(v)× 98 − (7− f3(v))× 34 ≥ 0 by (R7).
The only remaining case is k = 8. Then, ω(v) = 10, f3(v) ≤ 4, and v can be the 2-master of a 2-vertex as well as being
the 3-masters of up to two 2- or 3-vertices. Thus, v sends out totally at most 3 to the 3−-vertices adjacent to it by (R1) and
(R2).
Note that 6+-faces receive nothing from v by (R8). If f3(v) = 0, then f4+(v) = 8 and ω′(v) ≥ ω(v)− 3× 1− 8× 78 = 0.
If f3(v) = 1, then f4(v) ≤ 5, and thus ω′(v) ≥ ω(v)− 3× 1− 32 × f3(v)− (2− f3(v))× 13 − 5× 78 ≥ 1724 > 0. If f3(v) = 2,
then f4(v) ≤ 3, and ω′(v) ≥ ω(v)− 3× 1− f3(v)× 32 − (5− f3(v))× 13 − 3× 78 ≥ 38 > 0.
Suppose that f3(v) = 3. Then f4(v) ≤ 1. If there are three (8, 8, 2)-faces incident with v, then f6+(v) ≥ 2, and
ω′(v) ≥ ω(v) − 3 × 1 − 3 × 32 − 3 × 13 − 78 = 58 > 0. If there is at most two (8, 8, 2)-faces incident with v, then
ω′(v) ≥ ω(v)− 3× 1− 2× 32 − 98 − 4× 13 − 78 = 23 > 0.
Finally, we suppose that f3(v) = 4. If all the 3-faces incident with v are (8, 8, 2)-faces, then f5+(v) = 4 and f6+(v) ≥ 2 by
Observation 2, and ω′(v) ≥ ω(v)− 3× 1− 4× 32 − 2× 13 = 13 > 0. If there are only three (8, 8, 2)-faces, then f6+(v) ≥ 2,
and ω′(v) ≥ ω(v)− 3× 1− 3× 32 − 98 − 2× 13 = 1724 > 0 by (R8.2) and (R8.4). If there are at most two (8, 8, 2)-faces, then
ω′(v) ≥ ω(v)− 3× 1− 2× 32 − 2× 98 − 4× 13 ≥ 512 by (R8.2) and (R8.4).
Case 2.∆ ≥ 9.
In this case, the initial charge of each element x ∈ V ∪ F of G is defined as ω(x) = d(x)− 4. Euler’s formula implies that−
x∈V∪F
ω(x) =
−
v∈V
(d(v)− 4)+
−
f∈F
(d(f )− 4) = −8.
We apply the rules below to transfer the charges and get a new charge ω′(x).
(R1) Each 2-vertex receives charge 1 from its 2-master.
(R2) Each k-vertex (2 ≤ k ≤ 3) receives charge 1 from each of its 3-masters.
(R3) Each 3-face f0 receives charge (k−4)lk from each of its adjacent k-faces f for k ≥ 5, where l denotes the number of edges
shared by f0 with f .
(R4) Each 3-face receives charge 13 from each of its incident k-vertices for k ≥ 5.
Let f ∈ F be a k-face of G. It is easy to see that ω′(f ) ≥ 0 for k = 4. If k ≥ 5, by (R3), we have ω′(f ) ≥ ω(f )− (k−4)kk ≥ 0.
Nowwe suppose that k = 3. Thenω(f ) = −1. Since G has no 3-cycles adjacent 4-cycles, the faces adjacent to f are 5+-faces.
By (R3), these faces give at least 35 to f . By Lemma 2.1(b), we know that each 2-vertex is adjacent to two ∆-vertices, each
3-vertex is adjacent to three (∆ − 1)+-vertices and each 4-vertex is adjacent to four (∆ − 2)+-vertices. Thus there are at
least two 5+-vertices incident with f . By (R4), we have ω′(f ) ≥ ω(f )+ 35 + 2× 13 = 415 > 0.
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Suppose that v is a k-vertex of G. Lemma 2.1(b) yields that k = ∆ ≥ 9 if v is the 2-master of some vertex, and
k ≥ ∆ − 1 ≥ 8 if v is the 3-master of some vertices. If k = 2, then v receives 1 from its 2-master by (R1) and receives
1 from its 3-master by (R2). So ω′(v) ≥ ω(v) + 1 + 1 = 0. If k = 3, then v receives 1 from its 3-master, and thus
ω′(v) ≥ ω(v) + 1 = 0. If k = 4, then ω′(v) = ω(v) = 0. If 5 ≤ k ≤ 7, note that v is incident with at most ⌊ k2⌋ 3-faces,
ω′(v) ≥ ω(v) − ⌊ k2⌋ × 13 ≥ k − 4 − k6 = 5k−246 > 0. If k = 8, then v can be the 3-master of at most two 3-vertices and
f3(v) ≤ ⌊ k2⌋ = 4, so ω′(v) ≥ ω(v)− 2× 1− 4× 13 = 23 > 0. Suppose that k ≥ 9. Then v can be the 2-master of a 2-vertex
as well as be the 3-master of up to two 2- or 3-vertices, and so v can send a total of at most 3 to the 2-vertices and 3-vertices
adjacent to it. Thus ω′(v) ≥ ω(v)− 3− ⌊ k2⌋ × 13 ≥ k− 7− k6 ≥ 12 > 0.
In all the cases, we obtain that ω′(x) ≥ 0 for any element x ∈ V ∪ F . Thus ∑x∈V∪F ω(x) = ∑x∈V∪F ω′(x) ≥ 0, a
contradiction. This completes the proof of Theorem 1.1. 
2.2. Proof of Theorem 1.2
By Theorem 1.1, it suffices to consider two cases, ∆ = 6 and ∆ = 7. Suppose the conclusion does not hold. Again,
let G = (V , E, F) be a plane embedding of a minimal counterexample, and let L be a total assignment of G such that
|L(x)| = ∆+ 2 for each x ∈ V ∪ E and G is not L-total colorable.
Case 1.∆ = 6.
First, note that by Lemma 2.1(b), δ(G) ≥ 3, each 3-vertex is adjacent to three 6-vertices, and hence each 4-vertex is
adjacent to four 4+-vertices.
Claim 1. G has no (5−, 4, 4)-face.
Proof. It suffices to show that G has no (5, 4, 4)-face. Assume to the contrary that G has a (5, 4, 4)-face f . Let C = uvw be
the facial cycle of f and d(u) = 5. Denote by u1, u2, u3, v1, v2,w1, w2 the rest neighbors of u, v, w, respectively. Consider
the graph G′ = G \ {uv, uw, vw}. By the minimality of G, G′ has an L-total coloring. Uncolor u, v and w. Now, we color the
cycle C . First, we color u since there are at least two available colors for u. Then uw has at least 8 − 4 − 2 = 2 admissible
colors. If {c(vv1), c(vv2)} \ {c(uu1), c(uu2), c(uu3), c(ww1), c(ww2)} ≠ ∅, we choose a color from it to color uw. Then
we color the rest elements sequentially in the order w, uv, v and vw, and get a proper L-total-coloring of G. Otherwise,
we consider {c(vv1), c(vv2)} ∩ {c(ww1), c(ww2)}. If {c(vv1), c(vv2)} ∩ {c(ww1), c(ww2)} = ∅, then {c(vv1), c(vv2)} ⊆
{c(uu1), c(uu2), c(uu3)}. In this case,we can colorC by the orderuw,w, vw, v, uv. If {c(vv1), c(vv2)}∩{c(ww1), c(ww2)} ≠
∅, then we color C by the order uw,w, uv, v, vw. This implies that G is L-totally colorable, which is a contradiction. 
The initial charge of a vertex v of G is ω(v) = 2d(v) − 6, and the initial charge of a face f of G is ω(f ) = d(f ) − 6. By
Euler’s formula,−
x∈V∪F
ω(x) =
−
v∈V
(2d(v)− 6)+
−
f∈F
(d(f )− 6) = −12.
We transfer the charges between vertices and faces, leading to a new charge ω′(x). Our discharging rules are as follows.
(R1) Each 4-vertex sends charge 12 to each of its incident k-faces f for 3 ≤ k ≤ 5.
(R2) From each 5-vertex v to each of its incident k-faces f for 3 ≤ k ≤ 5, transfers
(R2.1) 54 , if k = 3;
(R2.2) 12 , if k = 4;
(R2.3) 14 , if k = 5.
(R3) From each 6-vertex to each of its incident k-faces f for 3 ≤ k ≤ 5, transfers
(R3.1) 2, if D(f ) = (6, 4, 4);
(R3.2) 32 , if k = 3 and otherwise;
(R3.3) 34 , if k = 4;
(R3.4) 13 , if k = 5 and v is adjacent to no 4-vertex incident with f .
(R3.5) 14 , if k = 5 and v is adjacent to a unique 4-vertex incident with f .
Let f ∈ F be a face of G. Clearly, ω′(f ) = ω(f ) ≥ 0 if d(f ) ≥ 6. Suppose that d(f ) = 3. Then ω(f ) = −3. If δ(f ) = 3, then
D(f ) = (6, 6, 3) by Lemma 2.1(b), and thus ω′(f ) ≥ ω(f ) + 2 × 32 ≥ 0 by (R3.2). If δ(f ) = 4, since 4-vertex is adjacent to
only 4+-vertices and by Claim 1, we have D(f ) = (5+, 5+, 4) or D(f ) = (6, 4, 4), hence ω′(f ) ≥ −3 + 12 + 2 × 54 = 0 if
D(f ) = (5+, 5+, 4), and ω′(f ) ≥ −3+ 2+ 2× 12 = 0 if D(f ) = (6, 4, 4). If δ(f ) ≥ 5; note that each vertex incident with f
sends at least 54 to f by (R2.1), (R3.1) and (R3.2), ω
′(f ) ≥ −3+ 3× 54 = 34 > 0.
Suppose that d(f ) = 4. Then ω(f ) = −2. If δ(f ) ≥ 4, by (R1), (R2.2) and (R3.3), then ω′(f ) ≥ −2 + 4 × 12 ≥ 0. So,
we suppose that δ(f ) = 3. Note that f is incident with at least two 6-vertices. By Lemma 2.1(c), D(f ) ≠ (6, 6, 3, 3). Hence,
D(f ) = (6, 6, 4+, 3). Since each 4+-vertex gives at least charge 12 to f and each 6-vertex gives 34 to f , ω′(f ) ≥ −2 + 2 × 34
+ 12 = 0.
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Suppose that d(f ) = 5. Then ω(f ) = −1. If δ(f ) ≥ 5, then each vertex incident with f sends at least 14 to f by (R2.3),
(R3.4) and (R3.5),ω′(f ) ≥ ω(f )+5× 14 > 0. If f is incident with two 4-vertices, thenω′(f ) ≥ ω(f )+2× 12 = 0 by (R1). If f is
incident with a unique 4-vertex, sayw, then each neighbor ofw on the boundary of f sends 14 by (R2.3) and (R3.5), and thus
ω′(f ) ≥ ω(f )+ 2× 14 + 12 = 0. So, we suppose that δ(f ) = 3 and f is not incident with 4-vertices. If D(f ) = (6, 6, 6, 3, 3),
then ω′(f ) ≥ −1+ 3× 13 ≥ 0 by (R3.4). Otherwise, D(f ) = (6, 6, 5+, 5+, 3), ω′(f ) ≥ −1+ 2× 14 + 2× 13 > 0 by (R2.3)
and (R3.4).
Now let v be a k-vertex of G. By Observation 1, f3(v) ≤ ⌊ k2⌋. If k = 3, then ω′(v) = ω(v) ≥ 0. If k = 4, then
ω(v) = 2× 4− 6 = 2. Note that v sends charge at most 12 to each incident face by (R1). Thus ω′(v) ≥ ω(v)− 4× 12 = 0. If
k = 5, then ω′(v) ≥ ω(v)− f3(v)× 54 − f3(v)× 14 − (k− 2f3(v))× 12 = 2k− 6− 12 f3(v)− 12k ≥ 54k− 6 ≥ 14 by (R2).
Suppose that k = 6. Let x denote the number of (6, 4, 4)-faces incident with v. If x = 3, then there are at most three
5-faces of which each has D(f ) = (6, 4+, 4+, 4, 4) and receives nothing from v, thus ω′(v) ≥ ω(v) − 2 × 3 ≥ 0. If
x = 2, then there are at least three 5+-faces incident with f of which one receives nothing and the other two receive
totally at most 12 by (R3), and so ω
′(v) ≥ ω(v) − 2 × 2 − 32 − 12 ≥ 0. By the same argument on the worst cast, we have
ω′(v) ≥ ω(v)− 2× 32 − 2− 2× 14 − 13 ≥ 16 > 0 if x = 1,and ω′(v) ≥ ω(v)− 3× 32 − 3× 14 ≥ 34 if x = 0.
Case 2.∆ = 7.
By Lemma 2.1(b), δ(G) ≥ 3, each 3-vertex is adjacent to three 7-vertices, and each 4-vertex is adjacent to four 6-vertices,
and hence each 5-vertex is adjacent to five 5+-vertices.
The initial charge of all elements x ∈ V ∪ F of G are also defined as ω(x) = d(x)− 4. By Euler’s formula,−
x∈V∪F
ω(x) = −8.
Our discharging rules are as below.
(R1) Each 3-vertex receives charge 13 from each of its adjacent 7-vertices.
(R2) Each 3-face receives charge 12 from each of its incident 5
+-vertices.
Let f ∈ F be a k-face of G. It is easy to see that ω′(f ) ≥ 0 for k ≥ 4. Suppose that k = 3. Then ω(f ) = −1. Since each
5−-vertex is adjacent to 5+-vertex, there are at least two 5+-vertices incident with f . Thus by (R2),ω′(f ) ≥ −1+2× 12 = 0.
Let v be a k-vertex of G. By Observation 1, f3(v) ≤ ⌊ k2⌋. If k = 3, then by (R1), v receives 13 from each of its
adjacent ∆-vertices, so ω′(v) ≥ ω(v) + 3 × 13 = 0. If k = 4, then ω′(v) ≥ ω(v) = 0. If k = 5 or k = 6, then
ω′(v) ≥ ω(v)− 12 × ⌊ k2⌋ ≥ k− 4− 12 × ⌊ k2⌋ ≥ 0 by (R2).
Suppose that k = 7. Then, n3(v) ≤ 7 − f3(v) and f3(v) ≤ ⌊ 72⌋ = 3, ω′(v) ≥ ω(v) − f3(v) × 12 − n3(v) × 13 ≥
ω(v)− 73 − f3(v)× 16 ≥ 16 .
In all cases, we have ω′(x) ≥ 0 for each x ∈ V ∪ F , and 0 ≤ ∑x∈V∪F ω′(x) = ∑x∈V∪F ω(x) = −8, a contradiction. This
completes the proof of Theorem 1.2. 
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